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We present a supersymmetric model of fermion masses with SU(4) xSU(2) 2 xU(l)x gauge group 
with matter in fundamental and antisymmetric tensor representations only. The up, down, charged 
lepton and neutrino Yukawa matrices are distinguished by different Clebsch-Gordan coefficients due 
to contracting over SU(4) and SU(2)_r indices. We obtain a hierarchical light neutrino mass spectrum 
with bi-large mixing. The condition that anomalies be cancelled by a Green-Schwarz mechanism 
leads to fractional U(l)x charges which exclude B violation through dimension-4 and -5 operators. 
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The values of the adjustable parameters of the Standard 
Model (SM) Lagrangian may be an important clue to 
physics beyond it (BSM). Thus, the experimentally mea- 
sured values of gauge coupling constants, fermion masses 
and quark mixing angles, and now neutrino mass-squared 
differences and mixing angles (strictly, already a BSM 
effect), can be compared to the predictions of various 
types of model with full or partial 0] gauge unification 
and/or flavour symmetries. Recent data on atmospheric 
and solar neutrinos 0, implying large 1-2 and 2-3 mix- 
ing angles, present challenges for any unified framework 
in which neutrinos form part of a multiplet with quarks 
0. 

In this paper we revisit the string-inspired 4-2-2 models 
(see also 0), whose implications for fermion masses 
were previously investigated in 0, Q and which have 
several attractive features. Large Higgs representations 
(problematic to obtain in string models) are not required, 
the doublet-triplet splitting problem is absent, third gen- 
eration fermion Yukawa couplings are unified Q up to 
small corrections, and unification of gauge couplings is 
allowed and, if one assumes the model embedded in su- 
persymmetric string, might be predicted 

Small effective Yukawa couplings arise from nonrenor- 
malizable superpotential operators involving a singlet 
charged under U(l)x 10J and Higgses which receive 
v.e.v.'s at the SU(4)xSU(2)# breaking scale. A particu- 
lar feature of the model is the presence of two a priori in- 
dependent expansion parameters depending on the sign 
of the U(l)x charge. For nonrenormalizable operators 
involving products of SU(4)xSU(2)# breaking Higgses, 
different contractions of gauge group indices lead to ef- 
fective Yukawa couplings which differ between the up (u) 
and down (d) quarks and the charged leptons (e) and neu- 
trinos (v). This freedom is exploited to fit the different 
mass hierarchies in the u, d and e sectors and produce 
the CKM mixing. 

Right-handed neutrinos (RHNs) are automatically 
present and obtain Majorana masses, again through non- 
renormalizable couplings to the U(l)x-charged singlet 
and to Higgses. Their mass spectrum is hierarchical with 
the lightest RHN around 10 11 GeV and the heaviest just 
below the Pati-Salam breaking scale. The RHN mass hi- 



erarchy cancels off against the hierarchical neutrino Dirac 
mass matrix to yield a seesaw mass matrix with large 
off-diagonal elements. The Green-Schwarz anomaly can- 
cellation conditions can always be satisfied, and imply 
fractional \J(l)x charges which disallow many B- and 
L-violating operators. 



THE MODEL 



The field content is summarized in Table 1, where i 



TABLE I: Field content and U(l)x charges 
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ranges from 1 to 3. The two D fields are introduced 
to give mass to colour triplet components of H and H 
once their sneutrino-like components obtain v.e.v.'s as 
follows: 

(H) = (H v ) = M G , {H) = (H v ) = M G . 

In the stable SUSY vacuum the singlet obtains a v. e. v. 
to satisfy the D-flat condition including the anomalous 
Fayet-Iliopoulos term [ll|| . 

In general a string model may have more than one sin- 
glet fa and more than one set of Higgses Hi, Hi, with 
different U(l)x charge; the Higgses may obtain masses 
through HHtfi couplings. In order to break the Pati- 
Salam group while preserving SUSY we require that one 
H-H pair be massless at this level. This "symmetry- 
breaking" Higgs pair may be a linear combination of 
many Hi and Hi in the charge basis, which will in general 
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complicate the expressions for fermion masses (as will the 
presence of many fa fields). 

However, if we impose that all products HiHj have 
the same sign of Xl(l)x charge, and that all fa likewise 
have the same sign of charge (opposite to that of HH), 
then the leading contributions to fermion masses from 
nonrenormalizable operators arise from the HH pair and 
(j> field which have the smallest absolute value of V(l)x 
charge; other v.e.v.'s will enter at higher order and will be 
small corrections. Hence, and for simplicity, we restrict 
ourselves to a single copy of H, H and fa 

Standard Model fermion mass terms arise after elec- 
troweak symmetry-breaking from the operators 



W D = yf F a F a h + 5 vtFiFjh 
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where Mg is the "string scale" which governs the suppres- 
sion of nonrenormalizable terms in the effective theory, 
and only the 33 element is nonvanishing at renormaliz- 
able level. Nonrenormalizable terms may be suppressed 
by an overall factor S of order 1. The couplings y 1 ^ and 
y'n are nonvanishing and generically of order 1 whenever 
the U(l)x charge of the corresponding operator vanishes. 
Other higher-dimension operators may arise by multiply- 
ing any term by (H H) a <fi b / Mg a+b for positive integer a 
and b such that a(x + x) + bz = 0; however such terms 
are negligible unless the leading term vanishes. 
Majorana masses arise from the operators 



v u,dVo 3 with v u and Vd being the up-type 



where 777.3 

and down- type Higgs v.e.v.'s respectively, and we define 
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We suppress higher-order terms involving products ee'. 
Thus m = — (ctj — a3 + a.j — a.3) and h = — (pn — 013 + a.j — 
S3) . The signs of m and h must be the same as z and x+x 
respectively for the mass term to exist. Since the integers 
m and n are always positive, we have e' m = ({fa)/Ms) m - 
Majorana mass terms are 



Mm 



Mn 



M R (e^ 



) (4) 



where M R = M^/M s = e'M s , the term withp = q = is 
understood, andp = — (ai+aj + 2x) and q = — (a>i+aj + 
2x). The full neutrino mass matrix in the basis [y, v c ) 
is of the "seesaw" form and the resulting light neutrino 
mass matrix is 
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PARAMETER CHOICES AND MASS MATRICES 

So far the discussion has been independent of the choice 
of U(l)x charges. The fermion mass terms are invariant 
under the family-independent shifts of U(l)x charge 
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Again, the U(l)x charges on + a,j + 2x +pz or on + oij 
2x + q(x + x) must be zero if the couplings and \j! ' , 
respectively, are not to vanish. 

For nonrenormalizable Dirac mass terms involving n 
products HH /Mg the gauge group indices may be con- 
tracted in different ways leading to Clebsch factors 
multiplying the effective Yukawa coupling: 



these are generically numbers of order 1 and may be zero 
in some cases. Although the Clebsch coefficient for a par- 
ticular operator O n may vanish at order n, the coefficient 
for the operator 0( n + a ) ; f, containing a additional factors 
(HH) and b factors of <f> is generically nonzero. 
Dirac mass terms at the unification scale are then 
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(as are the HHD\ and HHD2 couplings). Thus for the 
purpose of investigating fermion masses, we are free to 
assign a 3 — 013 — and apply £ and ^ shifts at the end of 
the calculation. The charges are then x + x — 1, z = — I, 
a\ = —4, ot\ = —2, «2 = —3. ot2 = 1, which generate the 
charge matrices 
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Qx[M M ] = 




(7) 



(8) 



We set S = 1 and substitute e and e' by a single expansion 
parameter 77 ~ 0.06 (or y/rj ~ 0.24) via e = 77, e 1 = y/rj. 



Thus the neutral gauge singlet HHcjj/Mg has a 



of 



.3/2 



77"'" ~ 0.015. 

We obtain a hierarchical common Dirac mass matrix 
and (x-dependent) Majorana RHN mass matrix in pow- 
ers of 77. We then have to specify Clebsch coefficients 
for operators involving one or more powers of HH /Mg. 
By taking linear combinations of operators with different 
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contractions over SU(4)xSU(2)# indices one can obtain 
any vector in the space (u,d,i/,e), since the operators 
constitute a complete set over this space. Thus at first 
sight the model has little predictivity. 

However, in specific string models these coefficients are 
calculable in terms of cocycle factors m the ab- 

sence of a specific string construction we impose that 
the C% should be either small integers or simple ratio- 
nal numbers. We can take all equal to unity apart 
from the following, where we quote coefficients up to a 
possible complex phase: C] 2 = Cj 2 = |, C 23 = 3, 
Cl 1 = C 12 = C 21 = C 22 = Cf = 0, all multiplying 
the leading nonvanishing entry. The ratio C 22 /C 22 = 3 
is the usual Georgi- Jarlskog choice to fit the different ra- 
tios m s /rrib and m M /m T . As explained above, when 
vanishes for the leading term, the next-to leading term is 
smaller by a factor ifl 2 . Hence the Dirac mass matrices 
at the GUT scale take the following form, up to complex 
phases and factors of order 1: 



rj 3 rj 2 



/ , 3 ; 

„5/2 2 
3 



\rf/ 2 r\ 

3/2 „ 



5/2 3?? 3/2 



m d 



( 



V 



V v 



3/2 
1 



m T0 



V 

5/2 



^3/2 ^2 



V 

V v 



? 3/2 



(9) 



where mto is the top mass at the GUT scale and rribo = 
m T Q = m t o/tan/3. For this simple choice, the resulting 
eigenvalues and quark mixings can be RG evolved to ob- 
servable energies, where they yield acceptable fits. For 
example the CKM mixing angle #12 is ^/rj ~ 0.24, while 
the angle #13 is -q 2 ~ 0.0035; the ratio {m u /mt)\M z is 
^9/2 J qz ^ g x 10™ 6 , where ( ~ 0.83 accounts for the 
RG evolution of y u , c ,t in the large tan/3 (fixed point) 
regime. No fine-tuned cancellations between unknown 
order 1 coefficients are needed. Such coefficients arise 
from the couplings y 1 ^, etc., which are SU(4) symmetric, 
and thus affect the Dirac mass matrix in the same way 
in each sector. This constraint may have consequences 
for a more detailed comparison with data. 

The light neutrino mass matrix depends on x through 
the Majorana RHN matrix: we find two possible values, 
x = 1 and x = 3/2. |l5| The seesaw mass matrix is then 



(m T tan (3) 2 
r] 2x M R 
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up to order 1 factors (different from those in the Dirac 
matrices), where we display leading terms in 77. With 
a mildly fine-tuned (at the 20% level) choice of order 
1 coefficients one can obtain a neutrino mass spectrum 
with normal hierarchy and bi-large mixing. We did not 
find any charge assignments consistent with an inverted 
hierarchy or degenerate light neutrino spectrum. 



If we take x = 1, tan {3 = 40 and M R = rf-^Mc to 
be 1.2 x 10 16 GeV, then the largest entries in m v are 
of order 0.12eV. The spectrum of RHN's comprises two 
superheavy states of mass (1 ± rj/2)Mn and one light 
state of mass ifM R ~ 1.5 x 10 11 GeV. 

Alternatively, with x = 3/2, tan (3 = 45 and Mr being 
^/fj times the reduced Planck mass 2.4 x 10 18 GeV, i.e. 
Mu ~ 6 x 10 17 GeV, the largest entries in m u are of or- 
der 0.05 eV. The RHN masses are now of order ^/fjMu, 
rf/ 2 M R and rfM R ~ 5 x 10 11 GeV. Thus the correct 
scale of light v masses follows, with RHN mass terms 
derived from either the SUSY-GUT or heterotic string 
scale via nonrenormalizable operators. The lightest RHN 
masses are rather large for standard thermal leptogenesis 
|l3| if one takes into account gravitino production (given 
7713/2 = 1-10 TeV), but might be considered for nonther- 
mal leptogenesis [l4| or in case the gravitino is light or 
very heavy. 



ANOMALIES AND B AND L VIOLATION 

For gauge coupling unification at the string scale (up 
to threshold corrections) the non-Abelian gauge groups 
are required to have equal Kac-Moody levels = k2L — 
k2R = 1. The U(1)je mixed anomalies can only be can- 
celled by a Green-Schwarz mechanism if anomaly coeffi- 
cients obey the relation A — const, x k, hence we require 
the 4-4-1jc, 2i-2i-ljf and 2^-2^-1^ coefficients to be 
equal: A4 — A 2 l = A 2 r. We have (up to an overall 
factor) 

A 4 = 2 y~l(aj + on) + 2{x + x) + 2{-2x - 2x) 

i 

A 2L = 4^ai + 2(-a 3 -a 3 ) 

i 

Mr = 4^a i + 4(aj + 5) + 2(-a 3 -a3) (H) 

i 

from which we obtain the requirements 



«3 + "3 — 2 (a; +x) = 0, 

V^(cKi — Cti) — [x + x) = 0. 



(12) 
(13) 



The generation-independent shifts of Eq. © produce 
shifts _in the LHS of Eqs. P and ®, of ( + ( and 
3(C — C) respectively. Thus, given an initial U(l)x charge 
assignment, it is always possible to satisfy the anomaly 
conditions, without altering the fermion mass matrices. 

For our chosen set of charges we have ( — 13/6 and 
C = —1/6. The shifts make many operators fraction- 
ally charged: the FFFF operator which would lead to 
D = 5 proton decay has charge ^ a + 26/3, which cannot 
be cancelled by any singlet combination of H , H and <fi 
fields. The only surviving operators coupling matter to 
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Higgs triplets are FFD\ and FFHH, whose charges are 
both shifted by 2(( + () — 4. For D = 5 proton decay 
one would also require appropriate mass terms for inter- 
mediate states, either £>iZ?i or DiHH; but the charges 
of these operators are both shifted by 4£ = —2/3, hence 
one cannot construct the mass terms. 

We must also verify that all Higgs triplet states are 
massive enough to evade bounds from D = 6 operators. 
Down squark-like states 3h and 3/^ in H and H respec- 
tively survive after breaking to the SM group. Mass 
terms for the H-H-D1-D2 system follow from the su- 
perpotential operators 



W h = HHD 1 + HHD 2 + D X D 2 



HHHH 



inserting v.e.v.'s we obtain up to factors of order 1 
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where /io = Mq/M^ = t^I^Mq and we decompose each 
sextet D12 into a 3 and 3 of SU(3). There are two mass 
eigenvalues of approximately Mq and one eigenvalue /id 
from the combination 32-3i. Clearly there is no transition 
between 3i and either 3i or 3jy, at any order. 
Other B- and L- violating operators are 

FiHh, e ab F lA Ff a F kB H Bb 1 FiFjF k H, FiFjF k Hh (16) 

where we have indicated SU(4) and SU(2) r summations 
in the second term. 0] These give rise to superpotential 
terms LH U - QD C L and LE C L; U C D C D C ; and QQQH d 
respectively. Out of these, FHh is not shifted, hence is 
allowed (suppressed by some powers of 77) if x is integer; 
FFFH is shifted by 4 and is allowed under the same 
condition; F 4 is shifted by —2/3, hence is disallowed; 
and F 3 Hh is shifted by 14/3, hence also disallowed. In a 
more general model with many H-H pairs and singlets, 
with a range of U(l)x charges, the analysis of anomaly 
coefficients, proton decay operators and R-parity viola- 
tion will be different. But at least in the minimal version, 
all dangerous B-violating operators vanish automatically. 

The "mu-term" of the MSSM originates from the prod- 
uct hh whose U(l)x charge is —4: hence it receives only 
a mild suppression. Thus the "mu-problem" is not solved 
by the V(l)x symmetry alone. 

In conclusion, we have presented a string-inspired su- 
persymmetric SU(4)xSU(2) 2 xU(l)x model with 5 dis- 
cretely adjustable charges, 8 discretely adjusted Cleb- 
sch factors, 1 adjustable expansion parameter and 1 ad- 
justable mass ratio (v/Mq), which is consistent with 
gauge unification and with all known elementary fermion 
masses and mixings, if the spectrum of light neutrinos is 
hierarchical. The simplest version of the model is also 
free from B violation through dimension-4 and -5 opera- 
tors, but may allow L violation. The lightest RHN mass 



is a few times 10 11 GeV, the lightest neutrino mass eigen- 
state is of order r//2 ~ 0.03 times the heaviest, and the 
neutrino mixing angle #13 is of order ~ 0.12. 

Other issues for further investigation include gauge 
unification, CP violation, supersymmetry-breaking and 
flavour-changing effects in both quark and lepton sectors, 
and cosmology including inflation, baryogenesis and dark 
matter. 
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